Introduction {#Sec1}
============

Fractional partial differential equations (PDE) have been explored as an important tool to develop more accurate mathematical models to describe complex anomalous systems such as phase transitions, anomalous diffusions. In this paper, we focus on the modeling and simulation of flow in porous media. In particular, when considering modeling of flow in fractured porous media, one may consider different fractional time derivatives in matrix and fracture regions due to the different memory properties. For instance, Caputo \[[@CR3]\] apply the time fractional PDE to model the flow in fractured porous media. However, there still exists the fact that there is a steady state for flow in fractured porous media. Thus, we consider the steady state space fractional PDE for the modeling and simulation of flow in porous media.

Until now, a number of articles referring to the space fractional PDE have appeared in literature (see \[[@CR13]\] and the reference therein). Most of the works concern on the fractional Laplacian equation in unbounded or bounded domain, and there exist different kinds of definitions of fractional Laplacian, such as spectral/Fourier definition, singular integral representation, via the standard Laplacian (elliptic extension), directional representation, et al. Lots of numerical methods have been developed for the space fractional PDE, for instance, the finite different method, the finite volume method, the spectral method, et al (see \[[@CR9], [@CR12], [@CR14]--[@CR16], [@CR19]\] and the references therein). In particular, the finite element methods have been firstly developed and analyzed by Ervin, Roop for the space fractional PDE, and then by other authors in a series of works \[[@CR2], [@CR5]--[@CR7], [@CR18]\]. In these works, standard Galerkin finite element methods are always applied for the fractional Laplacian equation. However, when the standard Galerkin finite element methods are applied to the flow equation, the mass conservation can not be retained.

For the space fractional Darcy flow, J. H. He \[[@CR10]\] firstly studied seepage flow in porous media and used fractional derivatives to describe the fractional Darcy's law behavior. In \[[@CR10]\], the permeability can only be assumed to be diagonal and the PDE system violates the principle of Galilean invariance. Some numerical methods have been developed for such kind of equation, e.g., see \[[@CR2]\]. In this paper, we will apply the fractional gradient operator defined by Meerschaert et al. \[[@CR17]\] to write down the space fractional Darcy flow for the two dimensional problem which obeys the principle of Galilean invariance. In order to develop the locally mass-conservative finite element method for the fractional Darcy flow, Chen and Wang \[[@CR4]\] proposed a new mixed finite element method for a one-dimensional fractional Darcy flow. In this work, we extend the locally mass-conservative mixed finite element method to the two dimensional problems which can be easily extended to three dimensional problems. By introducing a new auxiliary vector, we can obtain the new expanded mixed formulation for the fractional Darcy flow and the well-possedness of the new formulation can be well established.

The rest of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce the mathematical model for the two dimensional space fractional Darcy flow in porous media. Then we introduce the expanded mixed formulation and establish its well-posedness in Sect. [3](#Sec3){ref-type="sec"}, and show the expanded mixed finite element method and the detailed implementation in Sect. [4](#Sec4){ref-type="sec"}. Some numerical results are given in Sect. [5](#Sec5){ref-type="sec"} to verify the efficiency of the proposed algorithm. Finally we provide a conclusion in Sect. [6](#Sec6){ref-type="sec"}.

Preliminary {#Sec2}
===========

In this section we will follow \[[@CR7], [@CR17]\] to recall the definitions of the directional integral, the directional derivative operators, the fractional gradient operator, and then introduce the space fractional Darcy's law which obeys the principle of Galilean invariance. We use the standard notations and definitions for Sobolev spaces (cf. \[[@CR1]\]) throughout the paper. Since our work focus on the two dimensional problem, the following definitions are given for the functions in $\documentclass[12pt]{minimal}
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For the one dimensional space fractional diffusion equation, the regularity of solution was obtained in \[[@CR8], [@CR11]\]. In this work, we consider the two dimensional model and assume the regularity of solution for the system ([2.1](#Equ1){ref-type=""}) as $\documentclass[12pt]{minimal}
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Expanded Mixed Formulation {#Sec3}
==========================

In this section we present a mass-conservative mixed formulation for the fractional Darcy flow ([2.1](#Equ1){ref-type=""}) and establish the well-posedness of the weak formulation. Firstly we define the notations for some Sobolev spaces as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\varvec{V}}:= H(\mathrm{div},\varOmega ) \cap [H^{\frac{1-\alpha }{2}}(\varOmega )]^2, \quad {\varvec{H}}:=[H^{\frac{\alpha -1}{2}}(\varOmega )]^2,\quad Q:=L^2(\varOmega ). $$\end{document}$$In order to propose a well-posed mixed formulation for the space fractional Darcy flow, we introduce a new auxiliary vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{w}}= \nabla p \in {\varvec{H}}$$\end{document}$. Now we present the expanded mixed formulation for ([2.1](#Equ1){ref-type=""}) as follows: Find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\varvec{u}},{\varvec{w}},p)\in {\varvec{V}}\times {\varvec{H}}\times Q$$\end{document}$, such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ({\varvec{w}}, \varvec{\eta }) + (p,\nabla \cdot \varvec{\eta })&= 0, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ({\varvec{u}},{\varvec{v}}) + ({\varvec{K}}\int _0^{2\pi } \varvec{\theta }D^{\alpha -1}_{\theta } (\varvec{\theta }\cdot {\varvec{w}}) M(\theta ) d \, \theta , {\varvec{v}})&= 0,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\nabla \cdot {\varvec{u}},q)&= (f,q), \end{aligned}$$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varvec{\eta },{\varvec{v}},q) \in {\varvec{V}}\times {\varvec{H}}\times Q$$\end{document}$. Since we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{V}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{H}}$$\end{document}$ are dual spaces, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{w}},{\varvec{u}}\in {\varvec{V}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\eta },{\varvec{v}}\in {\varvec{H}}$$\end{document}$, we can see that the inner products for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\varvec{w}}, \varvec{\eta })$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\varvec{u}},{\varvec{v}})$$\end{document}$ in ([3.1](#Equ4){ref-type=""}) are well defined.

Now we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{U}}:={\varvec{H}}\times Q$$\end{document}$ and let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a(\varvec{\tau },\varvec{\chi })&:= ({\varvec{K}}\int _0^{2\pi } \varvec{\theta }D^{\alpha -1}_{\theta } (\varvec{\theta }\cdot {\varvec{w}}) M(\theta ) d \, \theta , {\varvec{v}}),\\ b(\varvec{\chi },{\varvec{u}})&:= ({\varvec{u}},{\varvec{v}}) + (\nabla \cdot {\varvec{u}},q),\\ b(\varvec{\tau },\varvec{\eta })&:= ({\varvec{w}},\varvec{\eta }) + (p,\nabla \cdot \varvec{\eta }), \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\tau }= ({\varvec{w}},p)\in {\varvec{U}}, \varvec{\chi }= ({\varvec{v}},q) \in {\varvec{U}}$$\end{document}$. Then the expanded mixed formulation ([3.1](#Equ4){ref-type=""}) can be equivalently rewritten as follows: For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varvec{\chi },\varvec{\eta })\in {\varvec{U}}\times {\varvec{V}}$$\end{document}$, find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varvec{\tau },{\varvec{u}})\in {\varvec{U}}\times {\varvec{V}}$$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a(\varvec{\tau },\varvec{\chi }) +b(\varvec{\chi },{\varvec{u}})&= (f,q), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} b(\varvec{\tau },\varvec{\eta })&= 0. \end{aligned}$$\end{document}$$
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Next we introduce another two important tools to prove the well-posedness of ([3.2](#Equ7){ref-type=""}).

Lemma 2 {#FPar7}
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Lemma 5 {#FPar11}
-------
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By the Lemmas [4](#FPar9){ref-type="sec"}--[5](#FPar11){ref-type="sec"} and the Babuška-Brezzi theory, we finally obtain the following theorem to state the well-posedness of ([3.2](#Equ7){ref-type=""}), and this also indicates the well-posedness of the mixed system ([3.1](#Equ4){ref-type=""}).

Theorem 1 {#FPar13}
---------
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Expanded Mixed Finite Element Method and Its Implementation {#Sec4}
===========================================================

In this section we will introduce the expanded mixed finite element method for the mixed formulation ([3.1](#Equ4){ref-type=""}) and show the details of implementation. Let $\documentclass[12pt]{minimal}
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Numerical Experiments {#Sec5}
=====================

In this section we show some numerical results to verify the efficiency of the expanded mixed finite element method. In the following examples, we assume the porous medium is isotropic and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{K}}= {\varvec{I}}$$\end{document}$. We implement the proposed algorithm on the structured mesh with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(\theta ) = \sum ^4_{k=1} \frac{1}{4} \delta (\theta -\theta _k), \ \mathrm{where}\ \theta _k = \frac{\pi }{2}(k-1).$$\end{document}$

Example 1 {#FPar14}
---------
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Example 2 {#FPar15}
---------

We remark that the expanded mixed FEM can also be applied to solve the following space fractional transport in porous media:$$\documentclass[12pt]{minimal}
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Conclusion {#Sec6}
==========

In this paper we discuss an expanded mixed finite element method for the solution of the two dimensional space fractional Darcy flow in porous media. The locally mass-conservation can be retained by this mixed scheme. The well-posedness of the expanded mixed formulation is proved and the implementation of the algorithm is given in details. Numerical results are shown to verify the efficiency of this mixed scheme. The mixed scheme for the space fractional Darcy flow with non-homogeneous boundary conditions will be investigated in the future work.
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